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The notion of statistical convergence for sequences of real
numbers has been introduced by Steinhaus [1] and Fast [2]
independently. Mursaleen and Edely [3] extended the above
idea from single to double sequences of scalars and established
relations between statistical convergence and strongly Cesa´ro
summable double sequences. The notion of I-convergence
was studied at initial stage by Kostyrko et al. [4]. Kostyrko
et al. [5] gave some of basic properties of I-convergence and
dealt with extremal I-limit points. Later on it was studied byS˘ala´t et al. [6], Hazarika and Savas [7], Tripathy and Hazarika
[8] and many others. In [9], Tripathy and Tripathy introduced
the notion of ideal convergent double sequences. Fridy and
Orhan [10] introduced the concept of lacunary statistical con-
vergence. Some work on lacunary statistical convergence can
be found in [11–16]. The notion of lacunary ideal convergence
of real sequences was introduced in [17,18]. Hazarika [19–21]
introduced the lacunary ideal convergent sequences of fuzzy
real numbers and studied some basic properties of this notion.
Hazarika [22] introduced the notion of lacunary ideal conver-
gent double sequences of fuzzy real numbers. Bakery and
Mohammed [23] introduced lacunary mean ideal convergence
in generalized random n-normed spaces.
A family of sets I# 2N (power sets of N) is said to be an
ideal if I is additive i.e. A;B 2 I) A [ B 2 I and hereditary
i.e. A 2 I;B#A) B 2 I. A non-empty family of sets F  2N
is a ﬁlter on N if and only if / R F;A \ B 2 F for each
A;B 2 F, and any superset of an element of F is in F. An ideal
I is called non-trivial if I– / and N R I. Clearly I is a non-
trivial ideal if and only if F ¼ FðIÞ ¼ fN A : A 2 Ig is a ﬁlter
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ideal I is called admissible if and only if ffng : n 2 Ng  I. A
non-trivial ideal I is maximal if there cannot exists any non-
trivial ideal J – I containing I as a subset (for details on ideals
see [4]).
A lacunary sequence is an increasing integer sequence
h ¼ ðkrÞ such that k0 ¼ 0 and hr ¼ kr  kr1 !1. The inter-
vals determined by h will be deﬁned by Jr ¼ ðkr1; kr and the
ratio kr
kr1
will be deﬁned by /r (for details on lacunary sequence
see [24]).
2. Deﬁnitions and preliminaries
We denote w is the space of all sequences.
Deﬁnition 1 [4]. A sequence ðxkÞ 2 w is said to be I-convergent
to the number L if for every e > 0, fk 2 N : jxk  LjP eg 2 I.
We write I lim xk ¼ L.
Deﬁnition 2 [25]. A sequence ðxkÞ 2 w is said to be I-null if
L ¼ 0. We write I lim xk ¼ 0.
Deﬁnition 3 [25]. Let I be an admissible ideal of N. A
sequence ðxkÞ 2 w is said to be I-Cauchy if for every e > 0 there
exists a number m ¼ mðeÞ such that fk 2 N : jxk  xmj
P eg 2 I.
Deﬁnition 4 [17,18]. Let h ¼ ðkrÞ be lacunary sequence. Then
a sequence ðxkÞ is said to be lacunary I-convergent if for every
e > 0 such that
r 2 N : 1
hr
X
k2Jr
jxk  LjP e
( )
2 I:
We write Ih  lim xk ¼ L.
Deﬁnition 5 [17,18]. Let h ¼ ðkrÞ be lacunary sequence. Then
a sequence ðxkÞ is said to be lacunary I-null if for every e > 0
such that
r 2 N : 1
hr
X
k2Jr
jxkjP e
( )
2 I:
We write Ih  lim xk ¼ 0.
Deﬁnition 6 [17,18]. Let I be an admissible ideal of N and let
h ¼ ðkrÞ be lacunary sequence. Then a sequence ðxkÞ is said to
be lacunary I-Cauchy if there exists a subsequence x0kðrÞ
 
of
ðxkÞ such that k0ðrÞ 2 Jr for each r; limr!1xk0ðrÞ ¼ L and for
every e > 0 such that
r 2 N : 1
hr
X
k2Jr
jxk  xk0ðrÞjP e
( )
2 I:
Deﬁnition 7 [17,18]. A lacunary sequence h0 ¼ ðk0ðrÞÞ is said to
be a lacunary reﬁnement of the lacunary sequence h ¼ ðkrÞ if
ðkrÞ  ðk0ðrÞÞ.Throughout the paper, we shall denote by I is an admissible
ideal of subsets of NN and hr;s ¼ ðkr;sÞ a double lacunary
sequence of positive real numbers, respectively, unless other-
wise stated.
3. Lacunary convergence of double sequences
By the convergence of a double sequence we mean the conver-
gence in the Pringsheim’s sense [26]. A double sequence
x ¼ ðxk;lÞ has a Pringsheim limit L (denoted by
P lim x ¼ L) provided that given an e > 0 there exists an
N 2 N such that jxk;l  Lj < e whenever k; l > N. We shall
describe such an x ¼ ðxk;lÞ more brieﬂy as ‘‘P convergent’’.
A double sequence h ¼ hr;s ¼ fðkr; lsÞg is called double lacu-
nary sequence if there exist two increasing sequence of integers
ðkrÞ and ðlsÞ such that
ko ¼ 0; hr ¼ kr  kr1 !1 as r!1
and
lo ¼ 0; hs ¼ ls  ls1 !1 as s!1:
Let us denote kr;s ¼ krls; hr;s ¼ hrhs and hr;s is determined by
Jr;s ¼ fðk; lÞ : kr1 < k 6 kr and ls1 < l 6 lsg;
qr ¼
kr
kr1
; qs ¼
ls
ls1
and qr;s ¼ qrqs
(for details on double lacunary sequences we refer to [27]).
Deﬁnition 8. A double sequence x ¼ ðxk;lÞ is said to be hr;s-
convergent to L 2 R if for every e > 0 and there exist integers
n0 2 N such that
1
hr;s
X
ðk;lÞ2Jr;s
jxk;l  Lj < e
for all r; sP n0. In this case, we write hr;s  lim x ¼ L.
Theorem 1. Let x ¼ ðxk;lÞ be a double sequence. If x ¼ ðxk;lÞ is
hr;s-convergent then hr;s  lim x is unique.
Proof. The proof of the theorem is starightforward, thus omit-
ted. h4. Lacunary ideal convergence of double sequencesDeﬁnition 9. Let hr;s ¼ ðkr;sÞ be a double lacunary sequence.
Then a double sequence ðxk;lÞ is said to be Ihr;s -convergent if for
every e > 0 such that
ðr; sÞ 2 NN : 1
hr;s
X
ðk;lÞ2Jr;s
jxk;l  LjP e
8<
:
9=
; 2 I:
We write Ihr;s  lim xk;l ¼ L.
Deﬁnition 10. A double sequence ðxk;lÞ is said to be Ihr;s -null if
for every e > 0 such that
ðr; sÞ 2 NN : 1
hr;s
X
ðk;lÞ2Jr;s
jxk;ljP e
8<
:
9=
; 2 I:
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Lemma 1. Let x ¼ ðxk;lÞ be a double sequence. If
hr;s  lim x ¼ L, then Ihr;s  lim x ¼ L.
Proof. Let hr;s  lim x ¼ L, then for every e > 0 and there
exists n0 2 Nsuch that
1
hr;s
X
ðk;lÞ2Jr;s
jxk;l  Lj < e
for all r; sP n0. Therefore the set
B ¼ ðr; sÞ 2 NN : 1
hr;s
X
ðk;lÞ2Jr;s
jxk;l  LjP e
8<
:
9=
;
# fð1; 1Þ; ð2; 2Þ; . . . ; ðn0  1; n0  1Þg:
But, with I being admissible, we have B 2 I. Hence
Ihr;s  lim x ¼ L. h
Theorem 2. If ðxk;lÞ is a double sequence such that
Ihr;s  lim xk;l ¼ ‘ exists, then it is unique.
Proof. Proof of the theorem is straightforward, thus omit-
ted. h
Next theorem gives the algebraic characterization of lacu-
nary ideal convergence.
Theorem 3. Let x ¼ ðxk;lÞ and y ¼ ðyk;lÞ are two sequences.
(a) If Ihr;s  limk;l!1;1xk;l ¼ ‘ and cð–0Þ 2 R, then
Ihr;s  limk;l!1;1cxk;l ¼ c‘.
(b) If Ihr;s  limk;l!1;1xk;l ¼ ‘1 and Ihr;s  limk;l!1yk;l ¼ ‘2,
then Ihr;s  limk;l!1;1ðxk;l  yk;lÞ ¼ ‘1  ‘2.
Proof. Proof of the theorem is straightforward, thus omit-
ted. h
Deﬁnition 11. Let I be an admissible ideal of NN. A double
sequence ðxk;lÞ is said to be Ihr;s -Cauchy if there exists a subse-
quence ðxk0ðrÞ;l0ðsÞÞ of ðxk;lÞ such that ðk0ðrÞ; l0ðsÞÞ 2 Jr;s for each
r; s, limðr;sÞ!ð1;1Þxk0 ðrÞ;l0ðsÞ ¼ L and for every e > 0 such that
ðr; sÞ 2 NN : 1
hr;s
X
ðk;lÞ2Jr;s
jxk;l  xk0 ðrÞ;l0ðsÞjP e
8<
:
9=
; 2 I:
Theorem 4. Let I be an admissible ideal of NN. A double
sequence ðxk;lÞ is Ihr;s -convergent if and only if it is Ihr;s -Cauchy
sequence.
Proof. Let ðxk;lÞ be Ihr;s convergent. Suppose that
Ihr;s  lim xk;l ¼ L.
Write Hði;jÞ ¼ fðr; sÞ 2 NN : h1r;s
P
ðk;lÞ2Jr;s jxk;l  Lj < 1ijg,
for each i; j 2 N.
Hence for each i:j;Hði;jÞ  Hðiþ1;jþ1Þ andðr; sÞ 2 NN : jHði;jÞ \ Jr;sj
hr;s
P
1
ij
 
2 I:
We choose k1; l1 such that rP k1; sP l1, then
ðr; sÞ 2 NN : jHð1;1Þ \ Jr;sj
hr;s
< 1
 
R I:
Next we choose k2 > k1; l2 > l1 such that rP k2; sP l2,
then
ðr; sÞ 2 NN : jHð2;2Þ \ Jr;sj
hr;s
< 1
 
R I:
Proceeding in this way inductively we can choose
kpþ1 > kp; lqþ1 > ls, such that r > kpþ1; s > lqþ1 implies that
Hðpþ1;qþ1Þ \ Jr;s – /. Further for each r; s satisfying
k1 6 r < k2; l1; < s < l2, choose ðk0ðrÞ; l0ðsÞÞ 2 Hðp;qÞ \ Jr;s such
that
jxk0 ðrÞ;l0ðsÞ  Lj <
1
pq
:
This implies that
lim
ðr;sÞ!ð1;1Þ
xk0ðrÞ;l0ðsÞ ¼ L:
Therefore , for every e > 0, we have
ðr; sÞ 2 NN : 1
hr;s
X
ðk;lÞ2Jr;s
jxk;l  xk0ðrÞ;l0ðsÞjP e
8<
:
9=
;
# ðr; sÞ 2 NN : 1
hr;s
X
ðk;lÞ2Jr;s
jxk;l  LjP e
2
8<
:
9=
;
[ ðr; sÞ 2 NN : 1
hr;s
X
ðk0ðrÞ;l0ðsÞÞ2Jr;s
jxk0ðrÞ;l0ðsÞ  LjP
e
2
8<
:
9=
;:
i.e.
ðr; sÞ 2 NN : 1
hr;s
X
ðk;lÞ2Jr;s
jxk;l  xk0ðrÞ;l0ðsÞjP e
8<
:
9=
; 2 I:
Then ðxkÞ is a Ihr;s -Cauchy sequence.
Conversely suppose ðxk;lÞ is a Ihr;s -Cauchy sequence. Then
for every e > 0, we have
ðr; sÞ 2 NN : 1
hr;s
X
ðk;lÞ2Jr;s
jxk;l  LjP e
8<
:
9=
;
# ðr; sÞ 2 NN : 1
hr;s
X
ðk;lÞ2Jr;s
jxk;l  xk0ðrÞ;l0 ðsÞjP
e
2
8<
:
9=
;
[ ðr; lÞ 2 NN : 1
hr;s
X
ðk0 ðrÞ;l0ðsÞÞ2Jr;s
jxk0 ðrÞ;l0ðsÞ  LjP
e
2
8<
:
9=
;:
It follows that ðxk;lÞ is a Ihr;s -convergent sequence. h
Savas and Patterson [27] presented the deﬁnition of double
lacunary reﬁnement as follows.
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double lacunary reﬁnement of the double lacunary sequence
h ¼ ðkr; lsÞ if ðkr; lsÞ# ðkr; lsÞ.
Theorem 5. If ðqr;sÞ is a double lacunary reﬁnement of hr;s and
xk;l ! ‘ðIqr;sÞ, then xk;l ! ‘ðIhr;sÞ.
Proof. Suppose each Ir;s of hr;s contains the points
ðkr;i; ls;jÞvðrÞ;uðsÞi;j¼1 of ðqr;sÞ so that
kr1 < kr;1 < kr;2; . . . ; < kr;vðrÞ ¼ kr;
where
Ir;i ¼ ðkr;i1; kr;i;
ls1 < ls;1 < ls;2; . . . ; < ls;uðsÞ ¼ ls;
where
Js;j ¼ ðls;j1; ls;j
and
Jr;s;i;j ¼ fðk; lÞ : kr;i1 < k 6 kr; ls;j1 < l 6 lsg
for all r; s and let vðrÞP 1; uðsÞP 1 this implies that
ðkr; lsÞ# ðkr; lsÞ. Let ðJi;jÞ1;1i;j¼1;1 be the sequence of abutting
blocks of ðJr;s;i;jÞ ordered by increasing a lower right index
points. Since xk;l ! ‘ðIqr;sÞ, we have the following for each
e > 0,
ði; jÞ 2 NN : 1hi;j
X
Ji;jJr;s
jxk;l  ‘jP e
8<
:
9=
;: ð4:1Þ
As before, we write hr;s ¼ hr hs; hr;i ¼ kr;i kr;i1; hs;j ¼ ls;j  ls;j1.
For each e > 0 we have
ðr; sÞ 2 NN : 1
hr;s
X
ðk;lÞ2Jr;s
jxk;l  ‘jP e
8<
:
9=
;
# ðr; sÞ 2 NN : 1
hr;s
X
ðk;lÞ2Jr;s
8<
:
ði; jÞ 2 NN : 1hi;j
X
Ji;jJr;s ;ðk;lÞ2Ji;j
jxk;l  ‘jP e
8<
:
9=
;
9=
;:
By (4.1), for each e > 0 if we deﬁne
ti;j ¼ 1hi;j
X
ðk;lÞ2Ji;j
jxk;l  ‘jP e
0
@
1
A
1;1
i;j¼1
;
then ðti;jÞ is a Pringsheim null sequence. The transformation
ðAtÞr;s ¼
1
hr;s
X
ðk;lÞ2Jr;s
hi;j
1
hi;j
X
ðk;lÞ2Ji;j
jxk;l  ‘jP e
0
@
1
Asatisﬁes all conditions for a matrix transformation to map a
Pringsheim null sequence into a Pringsheim null sequence.
Therefore xk;l ! ‘ðIhr;sÞ. This completes the proof of the theo-
rem. h
Theorem 6. Let wr;s be a set of all double lacunary sequences.
(a) If wr;s is closed under arbitrary union, then
2cIlr;s ¼
T
hr;s2wr;s 2c
I
hr;s
, where lr;s ¼
S
hr;s2wr;shr;s;
(b) If wr;s is closed under arbitrary intersection, then
2cImr;s ¼
S
hr;s2wr;s 2c
I
hr;s
, where mr;s ¼
T
hr;s2wr;shr;s;
(c) If wr;s is closed under union and intersection, then
2cIlr;s # 2c
I
hr;s
# 2cImr;s .
Proof.
(a) By hypothesis we have lr;s 2 wr;s which is a double
reﬁnement of each hr;s 2 wr;s. Then from Theorem 5,
we have if ðxk;lÞ 2 2cIlr;s implies that ðxk;lÞ 2 2cIhr;s . Thus
for each hr;s 2 wr;s, we get 2cIlr;s # 2cIhr;s . The reverse inclu-
sion is obvious. Hence 2cIlr;s ¼
T
hr;s2wr;s 2c
I
hr;s
.
ðbÞ By part (a) and Theorem 5, we have 2cImr;s ¼
S
hr;s2wr;s 2c
I
hr;s
.
ðcÞ By part (a) and (b) , we get 2cIlr;s # 2cIhr;s # 2cImr;s . h5. Lacunary ideal limit point and cluster pointDeﬁnition 13. Let x ¼ ðxk;lÞ be a double sequence. Then
(1) An element x0 is said to be Ihr;s -limit point of x ¼ ðxk;lÞ if
there is a set M ¼ fðk1; l1Þ < ðk2; l2Þ <    < ðkr; lsÞ
<   g  NN such that the set
Mı ¼ fðr; sÞ 2 NN : ðkr; lsÞ 2 Jr;sg R I
and hr;s  lim xkr ;ls ¼ x0.(2) An element x0 is said to be Ihr;s -cluster point of x ¼ ðxk;lÞ
if for every e > 0 we have
ðr; sÞ 2 NN : 1
hr;s
X
ðk;lÞ2Jr;s
jxk;l  x0jP e
8<
:
9=
; R I:Let KIhr;sðxÞ denote the set of all Ihr;s -limit points and CIhr;sðxÞ
denote the set of all Ihr;s -cluster points, respectively.
Theorem 7. Let x ¼ ðxk;lÞ be a double sequence. Then
KIhr;sðxÞ  CIhr;sðxÞ.
Proof. Let x0 2 KIhr;sðxÞ, then there exists a set M  NN
such that Mı R I, where M and Mı are as in the Deﬁnition
13, satisﬁes hr;s  lim xkr ;ls ¼ x0. Thus, for every e > 0 there
exist m0; n0 2 N such that
1
hr;s
X
ðk;lÞ2Jr;s
jxkr ;ls  x0j < e
for all rP m0; sP n0. Therefore,
58 B. HazarikaB ¼ ðr; sÞ 2 NN : 1
hr;s
X
ðk;lÞ2Jr;s
jxk;l  x0j < e
8<
:
9=
;
Mı n ðk1; l1Þ; ðk2; l2Þ; . . . ; ðkm0 ; ln0Þ
 
:
Now, with I being admissible, we must have Mı n fðk1; l1Þ;
ðk2; l2Þ; . . . ; ðkm0 ; ln0Þg R I and as such B R I. Hence
x0 2 CIhr;sðxÞ. h
Theorem 8. Let x ¼ ðxk;lÞ be a double sequence. Then the fol-
lowing statements are equivalent:
(1) x0 is a Ihr;slimit point of x,
(2) There exist two double sequences y ¼ ðyk;lÞ and z ¼ ðzk;lÞ
such that x ¼ y þ z and hr;s  lim y ¼ x0 andfðr; sÞ 2 N
N : ðk; lÞ 2 Jr;s; zk;l – 0g 2 I .
Proof. Suppose that (1) holds. Then there exist sets M and Mı
as in Deﬁnition 13 such that Mı R I and hr;s  lim xk;l ¼ x0.
Deﬁne the sequences y and z as follows:
yk;l ¼
xk;l; if ðk; lÞ 2 Jr;s; ðr; sÞ 2Mı
x0; otherwise:

and
zk;l ¼ 0; if ðk; lÞ 2 Jr;s; ðr; sÞ 2M
ı
xk;l  x0; otherwise:
(
It sufﬁcies to consider the case ðk; lÞ 2 Jr;s such that
ðr; sÞ 2 NN nMı. Then for each e > 0, we have
1
hr;s
X
ðk;lÞ2Jr;s
jyk;l  x0j < e:
Hence hr;s  lim y ¼ x0.
Now we have
fðr; sÞ 2 NN : ðk; lÞ 2 Jr;s; zk;l – 0g  NN nMı
and so fðr; sÞ 2 NN : ðk; lÞ 2 Jr;s; zk;l – 0g 2 I.
Now, suppose that (2) holds. Let
Mı ¼ fðr; sÞ 2 NN : ðk; lÞ 2 Jr;s; zk;l ¼ 0g. Then, clearly
Mı 2 FðIÞ and so it is an inﬁnite set. Construct the set
M ¼ fðk1; l1Þ < ðk2; l2Þ <    < ðkr; lsÞ <   g  NN such
that kr; ls 2 Jr;s and zkr;ls ¼ 0. Since xkr;ls ¼ ykr;ls and
hr;s  lim y ¼ x0 we obtain hr;s  lim xkr;ls ¼ x0. This completes
the proof. h
Theorem 9. Let x ¼ ðxk;lÞ be a double sequence. Let I be a non-
trivial admissible ideal in NN. If there is a Ihr;s -convergent
double sequence y ¼ ðyk;lÞ such that fðk; lÞ 2 NN :
yk;l – xk;lg 2 I then x is also Ihr;s -convergent.
Proof. Suppose that fðk; lÞ 2 NN : yk;l – xk;lg 2 I and
Ihr;s  lim y ¼ ‘. Then for every e > 0, the set
ðr; sÞ 2 NN : 1
hr;s
X
ðk;lÞ2Jr;s
jyk;l  ‘jP e
8<
:
9=
; 2 I:For every e > 0, we have
ðr; sÞ 2 NN : 1
hr;s
X
ðk;lÞ2Jr;s
jxk;l  ‘jP e
8<
:
9=
;
# fðk; lÞ 2 NN : yk;l – xk;lg[
ðr; sÞ 2 NN : 1
hr;s
X
ðk;lÞ2Jr;s
jyk;l  ‘jP e
8<
:
9=
;:
As both the sets of right-hand side of the above relation is in I,
therefore we have that
ðr; sÞ 2 NN : 1
hr;s
X
ðk;lÞ2Jr;s
jxk;l  ‘jP e
8<
:
9=
; 2 I:
This completes the proof of the theorem. h6. Topological and algebraic properties
By e and eðnÞðn 2 NÞ, we denote the sequences such that ek ¼ 1
for k ¼ 0; 1; 2; . . . and eðnÞn ¼ 1 and eðnÞk ¼ 0ðk – nÞ. For any
sequence x ¼ ðxkÞ1k¼0, let x½n ¼
Pn
k¼0xke
ðkÞ be its n-section.
A sequence space X with a linear topology is called a K-
space if each of the maps pi : X! C deﬁned by piðxÞ ¼ xi is
continuous for all i 2 N. A K-space is called an FK-space if
X is complete linear metric space; a BK-space is a normed
FK-space. An FK-space X 	 u is said to have the AK-property
if every sequence x ¼ ðxkÞ1k¼0 2 X has a unique representation
x ¼P1k¼0xkeðkÞ, that is x ¼ limn!1x½n.
Freedman et al. [24] deﬁned the space Nh in the following
way : For any lacunary sequence h ¼ ðkrÞ,
Nh ¼ ðxkÞ : lim
r!1
1
hr
X
k2Jr
jxk  Lj ¼ 0; for some L
( )
:
The space Nh is a BK-space with the norm
kðxkÞkh ¼ sup
r
1
hr
X
k2Jr
jxkj:
N0h denote the subset of these sequences in Nh for which
L ¼ 0; ðN0h; k:khÞ is also a BK-space.
Deﬁnition 14. A sequence space E is said to be solid (or
normal) if ðakxkÞ 2 E, whenever ðxkÞ 2 E and a sequence ðakÞ
of scalars with jakj 6 1 for all k 2 N.
Let K ¼ fk1 < k2 < :::g#N and E be a sequence space. A
K-step space of E is a sequence space
kEK ¼ fðxknÞ 2 w : ðknÞ 2 Eg:
A canonical preimage of a sequence fðxknÞg 2 kEK is a
sequence fyng 2 w deﬁned as
yn ¼
xn; if n 2 K
0; otherwise:

A canonical preimage of a step space kEK is a set of canonical
preimages of all elements in kEK, i.e. y is in canonical preimage
of kEK if and only if y is canonical preimage of some x 2 kEK.
Lacunary ideal convergence of multiple sequences 59Deﬁnition 15. A sequence space E is said to be monotone if it
contains the canonical preimages of its step spaces.
Lemma 2. Every solid space is monotone.
Theorem 10. The spaces 2c
I
hr;s
and 2c
I
0
 
hr;s
are linear.
Proof. Proof of the theorem is straightforward, thus omit-
ted. h
Theorem 11. 2c
I
hr;s
and 2c
I
0
 
hr;s
are BK spaces with the norm
kðxk;lÞkhr;s ¼ sup
r;s
1
hr;s
X
ðk;lÞ2Jr;s
jxk;lj:
Proof. The proof of the theorem is easy, thus omitted. h
Theorem 12. Let h ¼ ðkrÞ be a double lacunary sequence. Then
the spaces 2c
I
hr;s
and 2c
I
0
 
hr;s
are solid and monotone.
Proof. Let ðak;lÞ be a sequence of scalars with jak;lj 6 1 for all
k; l 2 N. Then we have the space 2cI0
 
h
is solid by the following
relation
ðr; sÞ 2 NN : 1
hr;s
X
ðk;lÞ2Jr;s
jak;lxk;ljP e
8<
:
9=
;
# ðr; sÞ 2 NN : 1
hr;s
X
ðk;lÞ2Jr;s
jxk;ljP e
8<
:
9=
;:
The space 2c
I
0
 
hr;s
is monotone by the Lemma 2. The other
result follows similar way. hAcknowledgement
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